A Josephson junction may be driven through a transition where the superconducting condensate favors an odd over an even number of electrons. At this switch in the ground-state fermion parity, an Andreev bound state crosses through the Fermi level, producing a zero-mode that can be probed by electrical contact to a grounded metal. We calculate the time-dependent charge transfer between superconductor and metal for a linear sweep through the transition. One single quasiparticle is exchanged with charge Q depending on the coupling energies γ1, γ2 of the metal to the Majorana operators of the zero-mode. While Q equals the electron charge e in the adiabatic limit of slow driving, in the opposite quenched limit Q = 2e √ γ1γ2/(γ1 + γ2) varies between 0 and e. This provides a method to produce single charge-neutral quasiparticles on demand.
Superconductors connected by a Josephson junction can freely exchange pairs of electrons, but single-electron transfer is suppressed by the superconducting gap [1] . The tunneling of an unpaired electron into the junction is an incoherent, stochastic source of charge noise in a Cooper pair transistor [2] . In contrast to this undesirable "quasiparticle poisoning", a controlled phasecoherent way to exchange single quasiparticles with a superconductor would be a desirable tool, that would complement existing single-electron sources in normal metals and semiconductors [3] [4] [5] [6] [7] .
Here we propose to exploit the phenomenon of a fermion-parity switch to transfer, phase coherently and on demand, a single quasiparticle from a Josephson junction to a metal electrode (see Fig. 1a ). A fermion-parity switch is a topological phase transition (zero-dimensional class D in the "ten-fold way" classification [8, 9] ), where the superconducting condensate can lower its groundstate energy by incorporating an unpaired electron [10] . There may be an even number of such parity switches when the phase difference φ across the Josephson junction is incremented by 2π -if there is an odd number of switches (as in Fig. 1b ) the superconductor is topologically nontrivial [11] . Fermion-parity switches are actively studied, theoretically [12] [13] [14] [15] [16] [17] and experimentally [18] [19] [20] , for the connection to topological superconductivity and Majorana fermions [21] [22] [23] . The dynamics of the transition is what concerns us here, in particular the quench dynamics, where φ(t) is driven rapidly through the switch from even to odd ground-state fermion parity. We find that this dynamical process transfers one single quasiparticle from the superconductor to the metal, as a wave packet that is a coherent superposition of electron and hole states near the Fermi level. A charge-neutral equal-weight superposition is produced in a topologically nontrivial superconductor, if the metal probe couples predominantly to one of the two spatially separated Majorana zero-modes.
The geometry of Fig. 1 that we consider is modeled after existing experiments (e.g., Ref. 19 ): a mesoscopic Josephson junction is formed by a semiconductor nanowire connecting two arms of a superconducting ring. A time-dependent flux Φ(t) enclosed by the ring imposes a time dependence on the phase difference φ(t) = Φ(t) × 2e/ across the junction. In the quasiparticle excitation spectrum, the switch in the ground-state fermion parity is signaled by the crossing of a pair of bound states (Andreev levels) at E = 0 (the Fermi level). Near the transition we can restrict ourselves to these two levels ±E 0 (φ), eigenvalues of the Bogoliubov-De Gennes Hamiltonian H(φ). The eigenvalues are arranged symmetrically around E = 0 because of particle-hole symmetry. That is the only symmetry constraint we impose on the system (symmetry class D [8] ), assuming that timereversal symmetry and spin-rotation symmetry are both broken by magnetic field and spin-orbit coupling in the nanowire [24] .
The Josephson junction is coupled by a point contact to a normal-metal electrode, which plays the role of a fermion bath that can exchange quasiparticles with the superconductor. We assume that the coupling is sufficiently strong (point contact conductance e 2 /h) to ensure that the Coulomb blockade of charge transfer is not effective. When the Josephson junction is quenched through a fermion-parity switch there will appear a current pulse I(t) from the superconductor (S) into the metal (N). We seek the quasiparticle content of that arXiv:1503.04207v2 [cond-mat.mes-hall] 11 Apr 2015 pulse. How many quasiparticles are transferred? What is the transferred charge? In particular, we wish to establish the conditions under which a single quasiparticle is transferred with vanishing charge expectation value. The non-superconducting counterpart to this problem was studied by Keeling, Shytov, and Levitov [25] . Their analysis provided much guidance and inspiration for what follows.
The exchange of quasiparticles across the NS interface is described by the scattering matrix
The coupling matrix W to the fermion bath is assumed to be time-independent. The retarded Green's function G(t, t ) satisfies the differential equation [26] 
. (2) (We have set ≡ 1 for ease of notation.) Fourier transform to the energy domain is defined by
In a stationary situation, with a time-independent Hamiltonian H, the scattering matrix is diagonal in energy, S(E, E ) = 2πδ(E − E ) S 0 (E), with S 0 given by the Mahaux-Weidenmüller formula [27] ,
The formulation of this dynamical problem in an open system in terms of an effective non-Hermitian Hamiltonian H eff goes back to the early days of nuclear scattering theory [28, 29] . For the minimal model we are considering, both H and W are 2 × 2 matrices. The two indices refer to electron and hole degrees of freedom, appropriate for a singlemode spin-polarized point contact. Particle-hole symmetry requires that
(The Pauli matrix σ x interchanges electron and hole indices.) Using also that H = H † , we have the general form
with real coefficients α, α , λ ± . The eigenvalues γ 1 , γ 2 ≥ 0 of the coupling matrix product W W † are given by
The time dependent phase difference φ(t) across the Josephson junction shakes up the fermion bath in the normal metal. We assume zero temperature, so that the unperturbed Fermi sea is the vacuum state |0 for excitations: a(E)|0 = 0 for E > 0, with a = (a 1 , a 2 ) the two-component Nambu spinor of annihilation operators for Bogoliubov quasiparticles. The fermion-parity switch produces a superposition
of the vacuum state with p-particle excited states
(The sum E is evaluated as (2π) −1 dE.) The weight ζ 0 of the unperturbed Fermi sea follows from the normalization Ψ|Ψ = 1.
Before proceeding with the solution of the dynamical problem, it is instructive to consider the effect of a fermion-parity switch on the effective Hamiltonian (4). The eigenvalues of H eff (representing the poles of S 0 in the complex energy plane) are given by
in terms of the arithmetic and geometric mean
of the coupling energies γ 1 , γ 2 . The evolution of E ± through the fermion-parity switch is shown in Fig. 2 . The relation E + = −E * − required by particle-hole symmetry produces a bifurcation point (exceptional point) on the imaginary axis, at which the two quasibound states acquire distinct decay rates [30, 31] . This is the key distinguishing feature of level crossings in superconducting and non-superconducting systems, and makes the dynamical problem considered here qualitatively different from the familiar Landau-Zener dynamics [32] .
We calculate the scattering matrix for a linear sweep through the fermion parity switch: E 0 [φ(t)] = γ 2 0 t. Referring to Fig. 1b , this linear approximation of the spectrum is justified for rapidities γ 2 0 ∆ 0γ . In the energy domain Eqs. (1) and (2) then take the form
The solution for the Green's function factorizes,
Here θ(E) is the unit step function and the matrix X(E) solves the homogeneous equation [33] 
Because of particle-hole symmetry, X has two rather than four independent elements,
determined by
The retarded Green's function is specified by G → 0 in the limits E → +∞ or E → −∞. The factor Θ in Eq. (13) ensures that this two-sided decay follows from the one-sided decay u, v → 0 for E → +∞. With this condition the solution of Eq. (17) reads [34] 
where U is the confluent hypergeometric function of the second kind [35, 36] . The determinant of X is particularly simple [37] ,
independent of energy. The scattering matrix (12) results as the dyadic product of two vectors,
Substitution into Eq. (9) gives |Ψ p = 0 for p ≥ 2 because of the anticommutation of the creation operators, so that only a single-particle excitation remains [38] , (26) and (29).
This absence of multi-particle excitations is a generic feature of rank-one scattering matrices [25, 39] . The normalization E>0 |ψ(E)| 2 = 1 can be derived [37] ∆ 0γ we can ascertain that the sweep through the fermion-parity switch will fail to produce a quasiparticle with exponentially small probability.
The Josephson junction thus injects a single Bogoliubov quasiparticle into the metal probe, in a pure state with wave function ψ given by Eq. (22) . The transfer of this quasiparticle through the NS interface is observable as an electrical current pulse, with expectation value
The expectation value of the total transferred charge Q = ∞ −∞ I(t)dt is given by
(25) For definiteness we take λ A single quasiparticle passes through the NS interface irrespective of the rapidity γ 0 , but the transferred charge differs. Fig. 3 shows results from a numerical evaluation of Eq. (25) . Analytical results can be obtained in the quenched limit γ 0 γ 1 , γ 2 of a fast fermion-parity switch and in the opposite adiabatic limit γ 0 γ 1 , γ 2 of a slow switch.
In the quenched limit we set δ → 0 and since U (0, 
The adiabatic limit may be obtained, with some effort, from the Fourier transform (24) in saddle-point approximation, or more easily by starting directly from the general scattering formula [40] [41] [42] [43] 
The adiabatic charge transfer is described by the "frozen" scattering matrix
with S 0 from Eq. (4) evaluated for a fixed value φ(t) of the phase across the Josephson junction. The result is
The exponential versus lorentzian current profiles (26) and (29) have the same form as in the nonsuperconducting problem of Ref. 25 , but there the transferred quasiparticle was an electron of charge e. Here what is transferred is a Bogoliubov quasiparticle, which is not in an eigenstate of charge. In the quenched limit Q can vary between 0 and e, depending on the ratio of the geometric and arithmetic mean of the two coupling energies γ 1 , γ 2 of the metal probe to the Majorana operators of the zero-mode. A nearly charge-neutral quasiparticle is transferred if γ 1 γ 2 , when Q = 2e γ 1 /γ 2 in the quenched limit.
The regime γ 1 γ 2 may be reached in a topologically nontrivial nanowire, by positioning the metal probe close to one of the end points, so that it couples predominantly to one of the two Majorana operators. It might also be possible to reach this regime in a topologically trivial nanowire, if the metal probe is spin-polarized [31] . In such a Josephson junction, the fermion-parity switch triggers a "Majorana gun": following the quench, the Majorana zero-mode in the junction injects a chargeneutral Majorana fermion into the metal probe. This device could then be used for superconducting analogues of single-electron collision experiments [3] [4] [5] [6] [7] , such as the Hanbury-Brown-Twiss or Hong-Ou-Mandel interferometer for Majorana fermions [44, 45] .
In conclusion, we have investigated the phase-coherent, deterministic counterpart of incoherent, stochastic quasiparticle poisoning: A fermion-parity switch in a Josephson junction transfers a single quasiparticle into a metal contact, on demand and in a pure state. The quasiparticle is a coherent superposition of electron and hole, with a charge expectation value that can be adjusted between 0 and e. A charge-neutral quasiparticle is produced in the quenched limit of a fast parity switch, if the metal couples predominantly to a single Majorana operator in the Josephson junction. This level of control over Bogoliubov quasiparticles could be an asset for quantum information processing with superconducting electronics.
Normalization of the excited state
We wish to demonstrate that the wave function (22) of the single-particle excited state is normalized to unity. For that purpose we need to evaluate the integral 
and because N is real, we indeed have N = 1. Notice that ψ|ψ = 1 also implies Ψ 1 |Ψ 1 = 1 in Eq. (23).
